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Basic compartmental model: SIR

3 compartments

• susceptible S

• infectious I

• removed R (recovered/deceased)

d
dtS(t) = −βS(t)I(t)
d
dtI(t) =

− ηI(t)

d
dtR(t) = ηI(t)
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β : average number of contacts
person×time · Prob(transmission)

S I R
βI



Basic compartmental model: SIR

3 compartments

• susceptible S

• infectious I

• removed R (recovered/deceased)

d
dtS(t) = −βS(t)I(t)
d
dtI(t) = βS(t)I(t)− ηI(t)
d
dtR(t) = ηI(t)
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η−1 : average recovery time

S I R
βI η



Basic compartmental model: SEIR

4 compartments

• susceptible S

• exposed E

• infectious I

• removed R (recovered/deceased)

d
dtS(t) = −βS(t)I(t)
d
dtE(t) = βS(t)I(t)− γE(t)
d
dtI(t) = γE(t)− ηI(t)
d
dtR(t) = ηI(t)
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γ−1 : average incubation time

S E I R
βI γ η
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• exposed E

• infectious I

• removed R (recovered/deceased)

d
dtS(t) = −βS(t)I(t)
d
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Drawbacks of the SEIR model

Model does not account for

• symptom severity (ICU occupancy)

• demographic influences
• on contacts
• symptom severity

• counter measures
• social distancing/quarantine
• vaccination
• mass testing

• births and (natural) deaths

• re-infections
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Extension: SEIPHR model
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Symptom severity
transmission probabilities πS + πM + πA = 1

S E IM

IS

IA

R
βI πMγ

πSγ

πAγ

η
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Pre-ICU compartment
quarantine
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ICU compartment
ρ: ICU admittance rate

S E IM
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ICU compartment
σ: ICU discharge rate

S E IM

IS

IA

P H

R
βI πMγ

πSγ

πAγ

ηS ρ

σ

ηM



Extension: SEIPHR model
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Undetected recovery
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Distinguish age groups
i ∈ {1, 2, . . . , ng} (in particular βij and πi)

Si Ei IMi

ISi

IAi

Pi Hi

Ri

βijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηA
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Distinguish age groups
i ∈ {1, 2, . . . , ng} (in particular βij and πi)
ng = 3: children, adults (most contacts), elderly (high-risk)
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Si Ei IMi

ISi

IAi

Pi Hi

Ri

βijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηASystem dynamics

d
dtSi(t) = −

ng∑
j=1

βijSi(t)Ij(t) (Ii = ISi + IMi + IAi )

d
dtEi(t) =

ng∑
j=1

βijSi(t)Ij(t)− γEi(t)

d
dtI

#
i (t) = π#i γEi(t)− η#I

#
i (t) # ∈ {S,M,A}

d
dtPi(t) = ηSISi (t)− ρPi(t)
d
dtHi(t) = ρPi(t)− σHi(t)

d
dtRi(t) = ηMIMi (t) + ηAIAi (t)
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Social distancing
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SEIPHR model
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Social distancing
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Contact restrictions
control input δ : [0,∞)→ [0, 1]
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Impact of constant restrictions
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Simulation results over 4 years with lift of restrictions after 2 years

:
2nd wave (no herd immunity)
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Simulation results over 4 years with lift of restrictions after 2 years:
2nd wave (no herd immunity)



Optimal social distancing

Goal: maintain hard ICU cap with as few contact restrictions as possible

Optimal control problem

min
δ

∫ tf

0
(1− δ(t))2 dt

subject to ẋ(t) = f(x(t), δ(t)), x(0) = x0

ng∑
i=1

Hi(t) ≤ Hmax ∀ t ≥ 0

δ(t) ∈ [0, 1] ∀ t ≥ 0

δ(t) = δ(k∆t), t ∈ [k∆t, (k + 1)∆t), k = 0, 1, . . .

with ∆t = 1 week
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Results

9/ 16
Philipp Sauerteig Countermeasures

Institute for Mathematics ECMI 2021

Si Ei IMi

ISi

IAi

Pi Hi

Ri

δβijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηASimulation results



Results

9/ 16
Philipp Sauerteig Countermeasures

Institute for Mathematics ECMI 2021

Si Ei IMi

ISi

IAi

Pi Hi

Ri

δβijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηASimulation results



Vaccination
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Vaccination of susceptible people
vaccination rate ν : [0,∞)→ R≥0

S

RV

ν
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Vaccination of susceptible people
vaccination rate ν : [0,∞)→ R≥0

success rate q ∈ [0, 1]

S

RV

SV

(1− q)ν

qν
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SEIPHR model

Si Ei IMi

ISi

IAi

Pi Hi

Ri

δβijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηA



Vaccination
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SEIPHR model
separate undetected recovery
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Non-vaccinated part of population
vaccination rate νi : [0,∞)→ R≥0
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Vaccinated part of population
vaccination rate νi : [0,∞)→ R≥0

SV
i EV

i IM,V
i

IS,Vi

IA,V
i

P V
i HV

i

RV
i

δβijIj πM
i γ

πS
i γ

πA
i γ

ηS ρ

σ

ηM

ηA

(1− q)νiSi
νiEi

νiI S
i

νiIM
i

νiI A
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i + qνiSi



Coordination of social distancing & vaccination
Goal: reduce social distancing

Optimal control problem

min
δ

,ν

∫ tf

0
(1− δ(t))2 dt

+ κ ‖ν‖22

subject to ẋ(t) = f(x(t), δ(t)

, ν(t)

), x(0) = x0

ng∑
i=1

Hi(t)

+HV
i (t)

≤ Hmax ∀ t ≥ 0

δ(t) ∈ [0, 1] ∀ t ≥ 0

δ(t) = δ(k∆t), t ∈ [k∆t, (k + 1)∆t), k = 0, 1, . . .

∫ t

0

ng∑
i=1

νi(s)Vi(s) ds ≤ V max · t ∀ t ≥ 0

ν(t) = ν(k∆t), t ∈ [k∆t, (k + 1)∆t), k = 0, 1, . . .

11/ 16
Philipp Sauerteig Countermeasures

Institute for Mathematics ECMI 2021



Coordination of social distancing & vaccination
Goal: reduce social distancing

Optimal control problem

min
δ,ν

∫ tf

0
(1− δ(t))2 dt + κ ‖ν‖22
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1. Measure/Estimate current state and update parameters.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗
(0)

u∗
(1)

u∗
(2)

u∗
(3)

1. Measure/Estimate current state and update parameters.

2. Solve optimal control problem on small time window.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗
(0)

u∗
(1)

u∗
(2)

u∗
(3)

1. Measure/Estimate current state and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗(0) u∗
(1)

u∗
(2)

u∗(3)

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗(0) u∗
(1)

u∗
(2)

u∗(3)

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗(0) u∗
(1)

u∗
(2)

u∗(3)

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗(0)

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Model Predictive Control

13/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Past Future

N=4

N=4

x̂

Control

State

u∗(0)

1. Shift time step, measure/estimate current state, and update parameters.

2. Solve optimal control problem on small time window.

3. Implement first control instance.



Closed-loop simulations

14/ 16
Philipp Sauerteig Long-term vs. short-term optimization

Institute for Mathematics ECMI 2021

Impact of prediction horizon N (in weeks) on controls
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Conclusions & outlook
Recap

• extension of the SEIR model to account for age-dependent symptom severity

and countermeasures

• a short lockdown in the beginning is inevitable

• vaccination helps to reduce contact restrictions and ICU occupancy

• vaccination strategy depends on prediction horizon length

Further extensions and future work

• minimizing fatalities

• mass testing, age-differentiated contact restrictions

• re-infections

• uncertainty quantification of parameters

• breakpoints/bifurcation
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Description Symbol Value
Number of age groups ng 3
Regularization parameter κ 10−3

Removal rate (severe) ηS 0.2500
Removal rate (mild) ηM 0.2500
Removal rate (asymptomatic) ηA 0.1667
Rate of becoming infectious γ 0.1923
ICU admittance rate ρ 0.0910
ICU discharge rate σ 0.0952
Vaccine production limit V max 100, 000
Success rate q 0.9

Age-differentiated parameters
Age group i 1 2 3
Age range (in years) – < 15 15− 59 > 60
Relative age group size Ni 0.1370 0.5776 0.2854
Probability of severe symptoms πS

i 0.0053 0.0031 0.0302
Probability of mild symptoms πM

i 0.1211 0.2201 0.2512
Probability of no symptoms πA

i 0.8737 0.7768 0.7186
Transmission rate (age group 1) β1i 0.4612
Transmission rate (age group 2) β2i 0.4819 0.6304
Transmission rate (age group 3) β3i 0.1243 0.2944 0.1802
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Minimizing fatalities
Assumption: total number of fatalities∝ total number of people treated on ICU

For given δc ∈ [0, 1] solve

min
ν

HC(tf ) + κ ‖ν‖22

subject to ḢC(t) =

ng∑
i=1

σ(Hi(t) +HV
i (t)), HC(0) = 0

ẋ(t) = f(x(t), δc, ν(t)), x(0) = x0∫ t

0

ng∑
i=1

νi(s)Vi(s) ds ≤ V max · t ∀ t ≥ 0

ν(t) = ν(k∆t), t ∈ [k∆t, (k + 1)∆t), k = 0, . . . , N − 1
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Minimizing fatalities

• contact restrictions sufficiently strict vaccinate group with most contacts first

• otherwise vaccinate high-risk group first ("damage control")
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Impact of V max and q

for convenience:

• light contact restrictions: 0.8 ≤ δ
• strict contact restrictions: 0.6 ≤ δ < 0.8

• lockdown: δ < 0.6
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