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Motivation

The energy transition in Germany comes with new challenges
for the mathematical modeling of power grids. Most promi-
nently, this includes renewable energy resources that are mod-
eled as time-dependent generators. Moreover, newly devel-
oped storage units can be added to the grid in order to improve
network stability.

The simulation of the dynamical part of the power system is
accelerated by means of Model Order Reduction (MOR),

ẋ = f (x(t))  ˙̂x = W T
r f (Vr x̂(t)), (1)

where biorthogonal projection matrices Vr and Wr are used.

Optimal power flow

Power flow equations: An electrical network is modeled as
a mathematical graph. The power flow at node i is described
by the complex power Si = Pi + jQi and the complex voltage
Vi = |Vi|ejδi governed by the (stationary) power flow equations,

cE(x(t)) =

[
Pi − |Vi|

∑N
k=1|Vk |(Gik cos δik + Bik sin δik)

Qi − |Vi|
∑N

k=1|Vk |(Gik sin δik − Bik cos δik)

]
!= 0,

for xi = (|Vi|, δi, Pi, Qi), δik = δi − δk , at all times t .

sla
ck x0 = (|V0|, δ0, P0, Q0)

xi = (|Vi|, δi, Pi, Qi)

xj = (|Vj |, δj , Pj , Qj)

uk = (|Vk|, δk, Pk, Qk = 0)

ėk = Pk

i

j

k

Figure 1: Overview of different components in a power grid. The colors indicate
if a nodal variable is known, unknown, or a control.

Figure 2: Mismatch of generation and load in a 24-hour time series.

Battery controls: We introduce storage units at some nodes
of the power grid in order to improve the line loading in the
network. The reactive power of these batteries are the control
quantities u. The following optimal control problem is derived,

minimize
u

∫ te

t0
`(x(u), t) dt (line loading)

subject to cE(x(t)) + Bu(t) = 0 (network state)
ėk = uk , ek(0) = e0

k (battery state-of-charge)
xmin ≤ xi(t) ≤ xmax (network constraints)
umin ≤ uk(t) ≤ umax (control constraints)
emin ≤ ek(t) ≤ emax (battery constraints)

Figure 3: Improved line loadings in the CIGRE Task Force C6.04.02 network,
with batteries located at ’�’. Visualization using Python’s pandapower.

improved
line loadings

Network clustering

Graph clustering [2] can be realized using Galerkin projection

Vr = Wr = P(π) in (1),

where P(π) is a characteristic matrix of a partition π, e.g., for
π = {{1, 2, 3, 4}, {5, 6}, {7}, {8}, {9, 10}} we have

P(π) =


1 1 1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1


T

.

Then, if A = [aij] is the adjacency matrix of the original graph,
the adjacency matrix of the reduced graph is Â = P(π)TAP(π).
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Figure 4: Reduction of a graph using clustering.

Dynamic power flow simulation

A network of generators is modeled using swing equations [3]

Mi δ̈i(t) + Di δ̇i(t) = Pi −
N∑

j=1

aij sin(δi(t)− δj(t)), (2)

where Mi, Di, and Pi are respectively the inertia, damping, and
power of the i th generator. The reduced-order model (ROM)
we present is derived from a two-step clustering algorithm [2]:

1. Collect the leading modes from Proper Orthogonal De-
composition (POD) applied to the snapshots of δi and δ̇i
in (2).

2. Apply the k-means clustering algorithm to the set of rows
of POD’s projection matrix.
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Figure 5: Simulation of the original swing equation (dashed lines) and its
clustering-based ROM (solid lines).
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Figure 6: Relative error of all possible five-cluster partitions.

Power flow in quadratic form

The swing equations (2) can be written in quadratic form when
introducing the elongated state variable xi = (δi, δ̇i, sin δi, cos δi),

ẋ(t) = Ax(t) + H x(t)⊗x(t) + Bu(t),
y (t) = Cx(t), x(0) = x0.

(3)

In [1], the balanced truncation method is extended to derive
matrices (Â, B̂, Ĉ, Ĥ) of a reduced-order quadratic system, see
Figure 7.
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Figure 7: Illustration of the Petrov-Galerkin projections Â = W T
r AVr , B̂ = W T

r B,
Ĉ = CVr , and Ĥ = W T

r H(Vr ⊗ Vr ).

As in the linear case, the projection matrices Vr and Wr are
computed from the Gramians.

Solve AP + PAT + H(P ⊗ P)HT = −BBT ,
and ATQ + QA + H (2)(P ⊗ Q)(H (2))T = −CTC,

for the controllability and observability Gramians P and Q.

Future work

Fault recovery: When transmission line failure occurs at
time ts, the topology of the network changes, which means that
the dynamics is described by a different set of matrices in (3):

(A1, B1, C1, H1) ts (A2, B2, C2, H2).

In [4], linear switched systems are considered, i.e., the case
when H1 = H2 = 0 for all t .

Reduced-order models for power flow simulation:

• Derive ROMs for distribution grid that are of sufficient
accuracy on higher grid levels.
• Error bounds and quantification of uncertainties.
• Exploit grid flexibilities.

References

[1] P. BENNER AND P. GOYAL, Balanced truncation model
order reduction for quadratic-bilinear systems, e-prints
1705.00160, arXiv, 2017.
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[3] P. MLINARIĆ, T. ISHIZAKI, A. CHAKRABORTTY, S. GRUN-
DEL, P. BENNER, AND J.-I. IMURA, Synchronization and
aggregation of nonlinear power systems with consideration
of bus network structures, in Proc. European Control Conf.
(ECC), 2018.

[4] I. PONTES DUFF, S. GRUNDEL, AND P. BENNER, New
Gramians for linear switched systems: Reachability, ob-
servability, and model reduction, e-print 1806.00406, arXiv,
2018.

The KONSENS project

As part of the initiative Mathematics for Innovation by the Fed-
eral Ministry of Education and Research, the project “Kon-
sistente Optimierung und Stabilisierung elektrischer Netzw-
erksysteme” (KONSENS) addresses mathematical challenges
arising from the energy transition in Germany.

CSC Members M. Baumann, S. Grundel
TU Chemnitz C. Helmberg et al., S. Streif et al.
TU Ilmenau K. Worthmann et al.
Industry Partner Energy Saxony e.V., TenneT TSO GmbH,

ENSO NETZ GmbH, Venios GmbH


